The electronic and structural properties of the oxygen vacancy ͑V O ͒ in rutile TiO 2 are studied using generalized Kohn-Sham theory with the Heyd, Scuseria, and Ernzerhof ͑HSE͒ hybrid functional for exchange and correlation. The HSE approach corrects the band gap and allows for a proper description of defects with energy levels close to the conduction band. According to the HSE calculations, V O is a shallow donor for which the +2 charge state is lower in energy than the neutral and +1 charge states for all Fermi-level positions in the band gap. The formation energy of V O 2+ is relatively low in n-type TiO 2 under O-poor conditions but it rapidly increases with the oxygen chemical potential. This is consistent with experimental observations where the electrical conductivity decreases with oxygen partial pressure.
I. INTRODUCTION
TiO 2 is a material of increasing interest in electronics and optoelectronics, with applications in high-k dielectrics, solar cells, and photocatalysis. [1] [2] [3] [4] [5] Rutile TiO 2 has a wide band gap of 3.1 eV and exhibits a tendency for unintentional n-type conductivity. [6] [7] [8] [9] [10] [11] [12] Understanding and controlling this conductivity would be a key step toward the application of TiO 2 as a semiconductor. It has been widely reported that the n-type conductivity in TiO 2 varies inversely with the oxygen partial pressure in the annealing atmosphere. [7] [8] [9] [10] [11] [12] These observations have led to the conclusion that oxygen vacancies are the cause of the n-type conductivity. 4, [9] [10] [11] [12] [13] It has also been argued that TiO 2 can be easily reduced, and that it supports a high degree of nonstoichiometry in the form of oxygen vacancies ͑TiO 2−x ͒. 4, [13] [14] [15] Despite the many years of research on TiO 2 , direct evidence of the role of oxygen vacancies in the n-type conductivity is still lacking, and a microscopic understanding of the electronic and structural properties of the oxygen vacancy has remained elusive. Most experiments have focused on the surface of rutile TiO 2 , and it is not clear whether annealing under oxygen-poor or oxygen-rich atmospheres truly affects the material as a whole or only a thin surface layer. Unintentional incorporation of dopant impurities, such as hydrogen, may further complicate the interpretation of electrical measurements. In addition, for ZnO both experiment and theory have recently shown that, contrary to conventional wisdom, the oxygen vacancy is a deep rather than a shallow donor. [16] [17] [18] It is therefore opportune to revisit the role of oxygen vacancy V O in bulk TiO 2 .
Density-functional theory ͑DFT͒ has become the method of choice for studying the electronic structure of isolated point defects in semiconductors and insulators. 19 The most common exchange-correlation functionals in this context are the local-density approximation ͑LDA͒ or the generalized gradient approximation ͑GGA͒. However, the limitations of LDA and GGA in predicting band gaps pose serious problems to the description of the electronic and structural properties of oxygen vacancies in TiO 2 . 20, 21 The removal of an oxygen atom from the TiO 2 lattice results in a doubly occupied a 1 single-particle state in the band gap, that is very near the conduction-band minimum ͑CBM͒ in the LDA or GGA. When lattice relaxations are included, this a 1 state moves up in energy and merges with the conduction band. The two electrons are thus transferred to the CBM, rendering it impossible to stabilize a neutral or +1 charge state of the vacancy in which these electrons reside in localized states on the vacancy. Therefore, in the LDA or GGA, V O behaves as a shallow donor. The question is whether this reflects the true physics of the V O center or rather an artifact of LDA or GGA due to the underestimation of the band gap.
It is therefore necessary to use methods that overcome the band-gap problem in order to correctly describe the electronic and structural properties of the oxygen vacancy in TiO 2 . Here we investigate the oxygen vacancy in rutile TiO 2 using the Heyd, Scuseria, and Ernzerhof ͑HSE͒ hybrid functional, 22 in which a portion of Hartree-Fock ͑HF͒ exchange is range limited and mixed with GGA exchange and correlation. HSE not only corrects the band gap of TiO 2 ͓see, e.g., Fig. 1͑d͔͒ but also stabilizes the neutral state in the band gap and thus provides the opportunity to correlate the position of the single-particle a 1 state with the local lattice relaxations. This allows us to compute formation energies and transition levels, and disentangle the effects of structural relaxations in the various charge states of V O . The results show that the oxygen vacancy does act as a shallow donor.
II. COMPUTATIONAL APPROACH
The calculations are based on ͑generalized͒ Kohn-Sham theory 23 and the projector-augmented wave potentials 24, 25 as implemented in the VASP code. 26, 27 For Ti the 3p, 3d, and 4s states were treated as valence states and the Perdew, Burke, and Ernzerhof ͑PBE͒ potential with a core radius of 2.5 a.u was used whereas for O the standard PBE potential with a core radius of 1.5 a.u. was applied. The calculations were performed using both the GGA of PBE ͑Ref. 28͒ and the hybrid functional as proposed by HSE. 22 In the latter, the exchange potential is separated into a long-range and a shortrange part, and HF exchange is mixed with PBE exchange only in the short-range part. The long-range part of the exchange potential is therefore essentially described by PBE.
In the present work, a consistent screening parameter of = 0.2 Å −1 is used for the semilocal ͑GGA͒ exchange as well as for the screened nonlocal exchange as suggested for the HSE06 functional. 29 Electronic correlation is represented by the corresponding part of the PBE functional. We find that a proportion of 20% HF exchange with 80% PBE exchange produces accurate values for lattice constants and the band gap in TiO 2 .
30 From here on we will refer to this functional as "HSE."
Oxygen vacancies in rutile TiO 2 were simulated by removing one O atom from a supercell with 72 atoms. We used a plane-wave basis set with a cutoff of 400 eV and integrations over the Brillouin zone were perfomed using a 2 ϫ 2 ϫ 2 mesh of special k points. The effects of the interactions between defects in neighboring supercells were minimized by performing additional calculations for supercells with 216 and 576 atoms, with two special k points ͓͑0, 0, 0͒ and ͑1/2, 1/2. 1/2͔͒. The latter give the same results as a 2 ϫ 2 ϫ 2 mesh for the supercell with 72 atoms. The results for different supercell sizes were used to extrapolate to the dilute limit, for which the defect-defect interactions are minimized. Calculations for odd charge states include the effects of spin polarization.
The relative stability of the various charge states is determined by the formation energy, 31 The Fermi level E F is the energy of the electron reservoir, referenced to the valence-band maximum ͑VBM͒. The latter includes a term obtained by aligning the electrostatic potential in a bulklike region of the defect supercell with the potential of the perfect crystal. 19 Madelung corrections for the electrostatic interaction between the homogeneous background charge and charged defects have not been included in the present work since the dielectric constants of TiO 2 , in particular, the ionic contributions, are fairly large.
The value of the Fermi level where charge states q and qЈ are equal in energy defines the transition level ͑q / qЈ͒. Throughout this paper, when we use the terminology "+1" and "neutral" charge states we are referring to states in which electrons are bound to the defect center with localized wave functions. It may emerge that the resulting calculated transition levels are above the CBM; in such a case we may say that the +1 or neutral charge state is"unstable" since it is unlikely that the Fermi level would lie above the CBM in TiO 2 due to the extremely high density of electronic states near the CBM. It would, of course, be possible for one or two electrons to be bound, by Coulomb attraction, to the defect center; such states would be described by effectivemass theory, and would lead to a hydrogenic series of states just below the CBM. However, these hydrogenic states are not the focus of our current investigation. Our goal is to establish whether electrons can be bound to the vacancy in localized states, as opposed to extended effective-mass states.
III. RESULTS

A. Structural parameters and band structure of rutile TiO 2
TiO 2 in the rutile crystal structure can be described by a six-atom primitive cell with lattice parameters a and c, and an internal parameter u that defines the distance between Ti and O atoms in the plane perpendicular to the c direction, as shown in Fig. 1͑a͒ . The calculated lattice parameters using
FIG. 1. ͑Color online͒ ͑a͒ Lattice parameters of TiO 2 in the rutile crystal structure. ͑b͒ Corresponding Brillouin zone. ͑c͒ and ͑d͒ calculated band structures using the GGA-PBE and HSE functionals. The valence-band maximum is set to zero in both cases.
both PBE and HSE are listed in Table I and are in very good agreement with the experimental values. The calculated band gaps are also listed in Table I , and the calculated band structures are shown in Figs. 1͑c͒ and 1͑d͒. Rutile TiO 2 has a direct band gap with the VBM and CBM both occurring at the ⌫ point. The indirect gaps ⌫-M and ⌫-R are less than 0.05 eV higher in energy. While the calculated band gap using PBE is only 1.77 eV, the HSE functional with 20% HF exchange produces a value of 3.05 eV, very close to the experimental value.
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B. HSE effects on the band structure of TiO 2
Before proceeding to the results for the oxygen vacancy in TiO 2 , it is worthwhile to investigate how the HSE functional affects the positions of the VBM and CBM relative to PBE. Calculating this alignment requires going beyond mere bulk calculations; the latter only provide the positions of the VBM and CBM referenced to the average of the electrostatic potential, a quantity which is ill defined in calculations for perfect periodic crystals and therefore conventionally set to zero. An alignment of average electrostatic potentials can be obtained by performing surface calculations in a slab geometry, in which the potential inside the solid can be referenced to the potential in the vacuum region. Details of surface orientations and reconstructions in the slab calculation may, in principle, affect the absolute position of the VBM and CBM. However, by choosing a nonpolar surface and by focusing on differences between the values obtained by PBE and HSE using the same slab geometry ͑surface orientation and reconstruction͒, these effects largely cancel. In the present work, 11-layer slabs oriented along the ͓001͔ direction are employed. Convergence tests with respect to the slab thickness indicate that the error in the calculated band positions is less than 0.02 eV. Nonreconstructed ideal surfaces were used in order to avoid effects related to surface dipoles.
The effects of HSE on the band positions in TiO 2 are shown in Fig. 2 . In HSE the VBM is lowered by 0.6 eV and the CBM is raised by 0.7 eV with respect to PBE. The lowering of the VBM in HSE can be attributed to the reduced self-interaction for the O 2p-derived states that compose the upper part of the valence band ͑Hartree-Fock is entirely selfinteraction free͒. The upward shift of the CBM is also expected since Hartree-Fock generally increases band gaps. These effects of HSE on the VBM and CBM are taken into account in the following analysis of the oxygen vacancy.
C. Oxygen vacancy: Electronic structure and lattice relaxations
The electronic and structural properties of the oxygen vacancy in TiO 2 can be qualitatively understood on the basis of molecular-orbital theory. Each oxygen atom in rutile TiO 2 is surrounded by three Ti atoms, two of them being equivalent by symmetry. The removal of an O atom from the TiO 2 lattice results in three Ti dangling bonds with mostly d character that point into the vacancy and are occupied by a total of two electrons. These three dangling bonds combine into a lower energy fully symmetric state ͑a 1 symmetry͒ and two higher-energy states; the point-group symmetry is reduced from D 2d for the perfect crystal to C 2v . The electron occupancy of the a 1 state determines the charge state of the oxygen vacancy. In the neutral charge state ͑V O 0 ͒, the a 1 state is doubly occupied; in the +1 charge state ͑V O + ͒, it is occupied by one electron; and in the +2 charge state ͑V O 2+ ͒, it is empty. The occupancy and the energetic position of the a 1 state are closely related to the local structural relaxations around V O . Upon removal of an O atom the three nearest-neighbor Ti atoms tend to relax away from the vacancy in order to strengthen their bonding with the rest of the lattice. This outward relaxation decreases the overlap between the three Ti dangling bonds, shifting the a 1 state to higher energy. However, if the a 1 state is occupied, this upward shift incurs a cost in electronic energy. Therefore, the tendency of the Ti atoms to relax away from the vacancy is counterbalanced by the gain in electronic energy as the Ti atoms are kept closer to their nominal positions in the lattice. Based on this argument, it is instructive to analyze the position of the a 1 state before ͑unrelaxed͒ and after lattice relaxations. Consistent with this picture, in the HSE we obtain relatively small relaxations in the case of the neutral V O 0 and V O + . For V O 2+ , in which the a 1 state is empty, a large outward relaxation is observed since there is no cost in electronic energy when the state is shifted up. 
͑Color online͒ Calculated position of the single-particle a 1 state of the oxygen vacancy ͑V O ͒ in TiO 2 . The PBE and HSE band structures were aligned as described in the text. The results for various charge states and for both unrelaxed and relaxed vacancies are shown. For V O + , the position of the a 1 state in both spin-up and spin-down channels is also indicated. The positions of states above the CBM were estimated based on projected densities of states on the three nearest-neighbor Ti atoms and are represented by dashed lines.
The position of the a 1 state relative to the VBM and CBM in PBE and HSE is shown in Fig. 2 . In PBE, the doubly occupied a 1 state for the unrelaxed V O 0 is slightly below the CBM. When structural relaxations are allowed, the Ti atoms move outward, the a 1 state merges with the conduction band, and the two electrons are transferred to the CBM. The defect then essentially consists of V O 2+ with two electrons in the conduction band. In PBE it is therefore impossible to stabilize V O 0 and the same problem occurs for V O + . Therefore, only the V O 2+ charge state, in which the a 1 state is empty, is stable in PBE. However, due to the severe underestimation of the band gap, it is not clear whether the positive and neutral charge states might be stabilized if the band gap is corrected. This is what is addressed by our HSE calculations.
In HSE, the a 1 state of the unrelaxed V O 0 is located at 0.9 eV below the CBM. Upon relaxation of the Ti atoms the a 1 is shifted up in energy by 0.2 eV, again indicating that the electronic energy gain by keeping the Ti atoms close to their nominal positions dominates in the neutral charge state. The resulting position of the a 1 state is still well below the CBM in HSE, i.e., the neutral charge state can indeed be stabilized ͑contrary to the PBE result͒. Removing one electron from the a 1 state causes the Ti atoms to move outward from the vacancy, and the occupied a 1 state ͑spin-up channel͒ is shifted up by 1.2 eV. The empty a 1 ͑spin-down channel͒ merges with the conduction band. This is also in contrast to the PBE result in which the a 1 ͑both spin-up and spin-down͒ merge with the conduction band after lattice relaxations are included. Removing the second electron from the a 1 state causes the Ti atoms to strongly relax outward and the a 1 state is raised even higher. Based on the HSE calculations we therefore conclude that V O in rutile TiO 2 can, in principle, exist in three charge states, namely, neutral, +1, and +2.
The 
D. Oxygen vacancy: Formation energies
The energetic position and correct occupation of the a 1 state relative to the CBM are essential for a proper description of the electronic structure of V O in TiO 2 . Ultimately, however, the relative stability of the various charge states is determined by the formation energy, as defined in Eq. ͑1͒. The calculated formation energies as a function of the Fermi level for the oxygen vacancy in TiO 2 using supercells of 72 atoms are shown in Fig. 4 . For the unrelaxed vacancy ͓Figs. 2, 4͑a͒, and 4͑b͔͒, the a 1 state resides in the band gap for all charge states in both PBE and HSE. As a consequence, the transition levels ͑2+ / +͒, ͑+ / 0͒, and ͑2+ / 0͒ are also located within the band gap. We note that the formation energies of V O 0 are very similar in the PBE and HSE, consistent with the similar position of the doubly occupied a 1 state on an absolute energy scale ͓Fig. 2͔. The observed difference in the formation energy of V O 2+ between PBE and HSE may be largely attributed to the difference in the position of the VBM shown in Fig. 2 . Allowing structural relaxations lowers the formation energies of V O 0 and V O + by 0.3 and 0.9 eV, respectively, according to the HSE calculations; as discussed above, relaxed V O 0 and V O + are unstable in PBE. In the case of V O 2+ the structural relaxations lower the formation energy by comparable amounts in PBE ͑2.7 eV͒ and HSE ͑2.8 eV͒, consistent with the similar local lattice relaxations shown in Figs. 3͑a͒ and 3͑b͒ .
In order to correct for the effects of using a finite-size supercell to simulate an isolated oxygen vacancy in TiO 2 , we also performed calculations for supercells with 216 and 576 atoms using the PBE functional. Tests were performed using the HSE for the supercells with 216 atoms. We find that the formation energies of V O 0 and V O + change by less than 0.1 eV by extrapolating the results for 72-atom and 216-atom supercells to the dilute limit, consistent with the relatively small lattice relaxations reported above. However, for V O 2+ we find a somewhat larger correction of −0.7 eV by extrapolating the results of 72-atom, 216-atom, and 576-atom supercells to the dilute limit, consistent with the larger ͑and long-range͒ lattice relaxations around V O 2+ found in our calculations. We emphasize that the observed supercell-size dependence is due to the effect of long-range lattice relaxations, and not to interactions between periodic images of charged defects; the latter are efficiently screened due to the large dielectric constant of TiO 2 .
The extrapolated formation energies for the oxygen vacancy in rutile TiO 2 for O-rich and Ti-rich limit conditions are shown in Fig. 5 . According to HSE, the oxygen vacancy is a shallow donor in TiO 2 . V O 2+ has the lowest formation energy for all values of the Fermi level in the band gap; the transition levels ͑2+ / +͒ and ͑2+ / 0͒ are located above the CBM. Thus, we conclude that V O 0 and V O + are unstable, i.e., V O with one or two electrons bound in localized states are always higher in energy than the doubly ionized V O 2+ center. Note that up to two electrons could be bound to the V O 2+ center in hydrogenic effective-mass states, making the center overall neutral. But we distinguish these hydrogenic states from the localized charge states that enter the definition of the formation energy in Eq. ͑1͒. The binding of an electron to a shallow donor is what happens in the case of any shallow donor in any semiconductor, and as such it is not discussed in the present work.
According to HSE, the formation energy of V O 2+ is fairly low in n-type TiO 2 ͑Fermi level at the CBM͒ in the extreme Ti-rich ͑O-poor͒ limit. This formation energy would lead to an estimated equilibrium concentration of 3 ϫ 10 17 cm −3 at 1000 K. However, the formation energy increases with the oxygen chemical potential as shown in Fig. 5͑b͒ . This is consistent with experimental observations in which the electrical conductivity was found to decrease with oxygen partial pressure. to the self-interaction corrections in HSE when we inspect the HSE results at E F = 0.6 eV ͑corresponding to the position of the VBM in PBE, as seen in Fig. 2͒ , the formation energies are quite close to those obtained with PBE at E F =0 ͑Fig. 4͒.
Finally, we compare our HSE results with the hybrid functional and GGA+ U calculations for V O 0 in anatase TiO 2 reported in Ref. 38 . We find that our a 1 state is in the band gap and localized on two Ti atoms that are nearest neighbors to the vacancy. This is in contrast to the results of Ref. 38 which find the states also in the gap but localized on Ti atoms that are far away from the vacancy. We were able to stabilize similar solutions and found that these solutions have roughly the same energy as the solution shown in Fig. 3͑f͒ . However, such a state is better described as V O 2+ plus two electrons trapped at bulklike Ti sites, consistent with the results shown in Fig. 4͑d͒ . The issue of whether individual Ti sites in the bulk can trap electrons from the conduction band is unrelated to the intrinsic properties of the oxygen vacancy and hence beyond the scope of the present work. Unfortunately, the authors of Ref. 38 did not provide results for different charge states, and we cannot compare our calculated transition energies with their results.
IV. SUMMARY
In conclusion, the HSE hybrid functional calculations show V O to be a shallow donor, stable in the V O 2+ configuration for all Fermi-level positions within the band gap, with the transition levels ͑2+ / +͒ and ͑2+ / 0͒ located above the CBM. The formation energy of V O 2+ in n-type TiO 2 ͑Fermi level at the CBM͒ is about 1.0 eV under extreme oxygenpoor conditions. This formation energy of V O 2+ is low enough to, in principle, account for the observed n-type conductivity in TiO 2 single crystals annealed under Ti-rich ͑O-poor͒ conditions, and its dependence on oxygen chemical potential is also consistent with the observed variation in the electrical conductivity with oxygen partial pressure. 
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